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Ensemble control

Let us consider a bilinear system depending on a parameter s of the form

dX((ji, 0) _ ( )+ z; ui(£)Bi(6) )X(t,e).

where A(6), B;(0) are n X n matrices determined by a parameter 6 and

u(:) = (u1, ..., un) is the time-dependent control that takes values in R™. This
modelizes the problem of

@ controlling a family of systems with the same control;

@ controlling a system with some unknown parameter.

For the ensemble control of n-level quantum systems, the state X(:, #) evolves on

the Lie group U(n) or SU(n). Consequently A(6) and B;(6) are skew-Hermitian or
traceless skew-Hermitian matrices.
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Ensemble control

The goals of ensemble control can be:

@ Steer a continuum of systems between states of interest with the same
control input (i.e. eigenstates in quantum systems);

@ Steer an initial distribution of the ensemble to a final distribution with the
same control (i.e. from initial states v(#) to final states v (0));

@ Stabilize the ensemble to the common final state;

@ Optimal ensemble control e.t.c
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Ensemble control of finite family of systems

Consider a finite family of control systems with states X, k =1,...,K on
connected, simple and compact Lie groups G, (i.e. SU(n), SO(n)...):

d

EXk(t) = (Ak + U(t)Bk)Xk(t).

If each system is controllable, and for all k,/ € {1,..., K}k # [, there doesn't
exist a Lie algebra isomorphism f : g, — g, such that f(Ax) = A and f(Bx) = B,.
Then the finite ensemble of systems are simultaneously controllable (see [Belhadj,
Salomon and Turinici, 2015]).

Ensemble (simultaneous) controllability

Ensemble controllability means that for all (Xg,...X{) € G x - -+ x Gk and
(Xi,...X{) € G; x - -+ x Gk, there exists a control u : [0, T] — R such that for
all k e {1,..., K}, the solution X(-) associated with u(-) satisfies

Xi(0) = Xg,  Xu(T) = Xy
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Bloch equations driven by two inputs

Consider the following family of control systems indexed by w and € on SO(3):
0 —w  eu(t)

—M(t,w,€) = w 0 —ev(t) | - M(t,w,e), M(0,w,e)=1.
—eu(t) ev(t) 0

with w € [a, b] (Larmor dispersion), € € [1 — §,1 + §] (rf inhomogeneity).

Ensemble controllability

For any continuous function © : [a, b] x [1 — d,1 + §] — SO(3), we can steer the
ensemble from the common initial state M(0,w, €) = | arbitrarily close to the

continuously parameterized target states ©(w, €) with bounded controls u(-) and
v(-) (see [Li and Khaneja, 2009] and [Beauchard, Coron and Rouchon 2009]).

Ruikang LIANG (LJLL) Ensemble control of n-level quantum systems with a sc  5/19



2-level quantum systems driven by complex-valued control

The same result holds for the following systems on SU(2) driven by v : [0, T] — C

iiX(t,w,e)_(eﬁc‘()t) ei(;)> X(t,w,e) X(0,w,€) = 1.

Uniform population inversion

For U(w, €) € SU(2) indexed by w and e, it realizes a uniform population inversion
if for all (w,€) € [a,b] X [1 — §,1 + ¢], there exists 5 € [0,27) such that

U(w, €)er = exp(if)es.

A crucial operation in the proof of ensemble controllability is to find a control law
u(+) such that at the final instant t = T, the family X(T,w,¢€) realizes uniform
population inversion. With multiple degrees of freedom in the control (i.e.

u(-) € R" with n > 1 or u(-) € C), this can be approximately realized by using an
adiabatic following.
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Ensemble control with scalar control

Let us replace the complex control in a two-level system by a scalar control
u(-) e R,

.d w  ou(t
5000 = (s ") uto) 1)

Adiabatic approximation is no longer valid with only one degree of freedom in the
control. A standard method to generate multiple degrees of freedom in quantum
control is the rotating wave approximation.

Combination of RWA and AA for two-level systems [Robin, Augier,

Boscain, Sigalotti, 2022]

Consider two time scales €1, €, > 0 and a control law of the type

A t
ey, (t) = 2€1u(ereat) cos (2Et - M) :

€1€2

Here u, A are real-valued smooth functions on [0,T].
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Extension to n-level system

Let us consider a continuum of n-level systems described by the Schrodinger
equation

i (t) = (H(@) + w(t)He(8))u(t), 3)
where w(-) is a real-valued control. Here we assume H(«) is determined by an

unknown parameter « in a closed and connected domain D of R™ and has the
following structure

A1) 0 0
Hay—| O (@ 0 |
0 0
0 0 (e

where \; : D — R is a continuous function for each j € {1,...,n}.
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Extension to n-level system

Hc(6) is a symmetric matrix that describes the control coupling between the
eigenstates of the system and has the form

011 012 ... O1n
)= |72 =]
. - - 5n—1,n
51n e 5n71,n 5n,n

We assume that each dj is unknown but that it belongs to some closed interval
Ti = |05, 04] in R.
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Extension to n-level system

For p,g € {1,...,n} s.t. p# g, one would like to find a uniform control w(-) for
the family of quantum systems s.t. if at t = 0, all systems have the same initial
state ¢/(0) = e,, then at the final instant all systems are close to final states of
form e'’e, for some 0 € R.

We consider the control law
t
Weie,(t) = 2€1u(€1€2t) COS (/ f(6162’7')d7'> , (4)
0

where u, f : [0, T] — R are functions to be chosen.
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Let us assume that for all 1 < j < k < n, and for all & € D, A\e(cr) — Aj(c) > 0.
Fix 1 < p < g < n. Assume that 8, belongs to a closed interval Zpq = [69,,4%,]
such that 0 ¢ 7,4 and there exist 0 < vy < vy such that

Q Forall @ € D, \y(a) — Mp(@) € (vo, v1);

@ For all 1 <j < k < nsuch that (j, k) # (p, q) and all o € D, we have

A(a) = Aj(@) ¢ [vo, vi]-

Fix T > 0 and take u, f € C?([0, T],R) such that

1) (u(0),£(0)) = (0, w) and (u(T),f(T)) = (0, v1);

i) Vs € (0, T),u(s) >0and Vs € [0, T], f(s) > 0.
Denote by 1), e, the solution of (3) with initial condition ¥, .,(0) = e, and the

control law we, ¢, as in (4). Then there exist C > 0 and 1 > 0 such that for every
a € D and every (e1,€) € (0,1)?,

for some 6 € R.

T
wﬁl,eg (662) _eXp /0 eqH < C 626 +63/2 1/ +€1 +€ / 3/2)7
1
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|dea of the proof

For E€R and 1 <j < k < n, let us define

A(E) = exp(iE)ej + exp(—iE)es if j < k,
J - cos(E)ej; if j = k.
Let us use the control signal we,,(t) = 2e1u(€e1€xt) cos (fot f(e1ep7)d7 ) and

recast the system in the interaction frame (t) = exp(—itH(a))y;(t). The new
dynamics are characterized by the Hamiltonian

H[(t) = z_: Z 615jku(6162t) |:Ajk( }k(t)) +Ajk(¢;{1(t)):| .
J=1 k=j+1

where

0%(1) = (\ — M)t +o /O Feresr)dr. (5)
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|dea of the proof

n—1 n
= Z Z 615jku(61€2t) [Ajk(d)}k(t)) + Ajk(d)j;l(t))} .
J=1 k=j+1
Notice that with the Hypothesis of the Theorem, for all phases qﬁﬁ(t) except
1o(t), we have

%cﬁﬂ(t) = Aj(a) — M(a) + of(e1e2t) # 0

Because these frequencies are nowhere vanishing, we can eliminate all oscillatory
terms in Hj(t) except that with the phase ¢} (t). We then project the system
onto the two-dimensional space spanned by {e,, e,}. The resulting dynamics can
be approximated by the following effective Hamiltonian, which is driven by a
complex-valued control:

Heff(t) = A ( 61“(61621') eXp(ffOt f(€1€27')d7'))

(elu(elezt p(—i [, fererT)dr) Ag(a)
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Consider the four-level system with drift and control Hamiltonians

ch:

~N O O o
[l )
ON O
WO N =
O W oo

0

0
3+ 2«

0

Fix the initial state 9, .,(0) = (0,0,1,0)". In order to realize a population
inversion between (0,0,1,0)" and (0,0,0,1)7, let us fix T =1, v = 3 and
vi = 5. We use the time scale (€1, e2) = (1075/3,1077/3) and test the sharpness
of conditions for o € {—0.6,—0.3,—0.1,0.1,0.3}.

o a = —0.3,—-0.1: all conditions of the Theorem are satisfied.

o o= —0.6: M(a)—A3(a) & (vo, v1). Hypothesis 1 of the Theorem is violated.

e a=0.1,0.3: A\3(a) — A1() € [wo, v1]. Hypothesis 2 of the Theorem is
violated.
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Example

Convergence of the fidelity
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For s € [0,1], let us define the fidelity of the inversion as the population on the

target state e, at instant t = s/(e1€2):

o = (o () )

2
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Example

Notice that a direct inversion between e; and e, is impossible since d14 = 0. But
it is possible to realize a complete population transition between e; and e; by
successive inversions between (eg, ), between (e, e3), and between (e3, eq4).
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Another result

Assume that the assumptions of Theorem are satisfied, and moreover, for all

1<j<k<nand a €D, \(a)— \(a) ¢ [2vo, 2v1]. Then there exist C > 0
and 1 > 0 such that for every (€1, €2) € (0,7)?,

T
Yey e <> —exp(if)eq
€1€2

min
0€[0,27]

2

€ €2
< Cmax |2, =).

€2 €1
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Thank you for your attention!

Ruikang LIANG (LJLL) Ensemble control of n-level quantum systems with a sc 18 /19



References

[1] K. Beauchard, J.-M. Coron, and P. Rouchon. “Controllability issues for
continuous-spectrum systems and ensemble controllability of Bloch
equations”. In: Communications in Mathematical Physics 296.2 (2010),
pp. 525-557.

[2] J.-S. Liand N. Khaneja. “Ensemble control of Bloch equations”. In: /EEE
Transactions on Automatic Control 54.3 (2009), pp. 528-536.

[3] R. Robin, N. Augier, U. Boscain, and M. Sigalotti. “Ensemble qubit
controllability with a single control via adiabatic and rotating wave
approximations”. In: Journal of Differential Equations 318 (2022),
pp. 414-442. 1ssN: 0022-0396.

[4] R. Liang, U. Boscain, and M. Sigalotti. “Ensemble control of n-level
quantum systems with a scalar control”. preprint. 2024. URL:
https://hal.science/hal-04819595.

[5] R. Liang, U. Boscain, and M. Sigalotti. “Ensemble quantum control with a
scalar input”. In: CDC 2024 - 63rd IEEE Conference on Decision and Control.
Milan, Italy, Dec. 2024. URL: https://hal.science/hal-04813682.

Ruikang LIANG (LJLL) Ensemble control of n-level quantum systems with a sc 19 /19


https://hal.science/hal-04819595
https://hal.science/hal-04813682

	Introduction
	References

